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Abstract: The Feynman path integral for nonrelativistic quantum electrodynamics 
is studied mathematically of a standard model in physics, where the electromag- 
netic potential is assumed to be periodic with respect to a large box and quantized 
thorough its Fourier coefficients. In physics, the Feynman path integral for non- 
relativistic quantum electrodynamics is defined very formally. For example, as is 
often seen, even independent variables are not so clear. First, the Feynman path 
integral is defined rigorously under the constraints familiar in physics. Secondly, the 
Feynman path integral is also defined rigorously without the constraints, which is 
stated in Feynman and Hibbs' book without any comments. So, our definition may 
be completely new. Thirdly, the vacuum and the state of photons of momentums 
and polarization states are expressed by means of concrete functions of variables 
consisting of the Fourier coefficients of the electromagnetic potential. Our results 
above have many applications as is seen in Feynman and Hibbs' book, though the 
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applications are not rigorous so far. It is also proved rigorously by means of the 
distribution theory that the Coulomb potentials between charged particles natu- 
rally appear in the Feynman path integral above. As is well known, this shows that 
photons give the Coulomb forth. 

1 Introduction 

A number of mathematical results on the Feynman path integral for quan- 
tum mechanics have been obtained. On the other hand, the author doesn't 
know any mathematical results on the Feynman path integral for quantum 
electrodynamics (cf. [17]), written as QED from now on. 

A functional integral representation for a nonrelativistic QED model in 
[2"U] with imaginary time was obtained by Hiroshima [11 J on the Fock spaces 
in terms of the probabilistic method. It has been well known that the only 
translation invariant measure on a separable infinite dimensional Banach space 
is the identically zero measure (cf. Theorem 4 in §5 of Chapter 4 in [9]). 
The measure denning the Feynman path integral is expected to be translation 
invariant (cf. (7-29) in [8]). So, there exist no measures defining the Feynman 
path integral. 

In the present paper the Feynman path integral for nonrelativistic QED 
is studied rigorously of a standard model in physics (cf. [U El CO El [201 122])- 
where the electromagnetic potential is assumed to be periodic with respect to 
a large box in R 3 and quantized thorough its Fourier coefficients. In physics, 
the Feynman path integral for nonrelativistic QED is defined very formally. 
For example, as is often seen (cf. [8]), even independent variables are not so 
clear. Our aim in the present paper is to give the mathematical definition 
of the Feynman path integral for nonrelativistic QED of a standard model in 
physics. We note that in the present paper, regrettably, the Fourier coefficients 
with large wave numbers need to be arbitrarily cut off and we don't take the 
limit of a box to R 3 . We also note that our nonrelativistic QED model is 
completely different from nonrelativistic QED models on the Fock spaces (cf. 
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First, the mathematical definition of the Feynman path integral for nonrel- 
ativistic QED is given under the constraints. These constraints are well known 
(cf. (9-17) in [8J, (A-7) in [22J, (13.10) in [Ml and (7.38) in [25]). 

Secondly, without the constraints we give the mathematical definition of 
the Feynman path integral for nonrelativistic QED, which has been given by 
(9-98) in [8J without any comments. Our method of giving the Feynman path 
integral for nonrelativistic QED without the constraints is like one used in 
[T5] for giving the phase space Feynman path integral. The author emphasize 
that any definitions of (9-98) in [8] have not been given. So our result may 
be completely new. We note that our Feynman path integral without the 
constraints is proved to be equal with the Feynman path integral under the 
constraints before taking the limit of the discretization parameter. 

Thirdly, the vacuum and the states of photons of momentums and polariza- 
tion states are expressed by means of concrete functions of variables consisting 
of the Fourier coefficients of the electromagnetic potential. In [8] only the vac- 
uum and the state of a photon with a momentum and a polarization state are 
expressed by means of the concrete functions, which our functions are equal to. 
Generally, in physics the vacuum and the states of photons with momentums 
and polarization states are not considered concretely but considered abstractly 
(cf. [22| 125] ) . To write down the state of photons concretely, we introduce cre- 
ation operators and annihilation operators, which can be written concretely as 
partial differential operators of the first order. 

The results stated above have many applications as is seen in the chapter 
9 of [8], though the applications are not rigorous so far. 

Fourthly, we show by means of the distribution theory that the Coulomb 
potentials between charged particles appear when the periods of the Fourier 
series tend to infinity and the cut-off of the Fourier coefficients is gotten out. 
This result, which shows that photons give the Coulomb forth, is well known 
in physics (cf. [51 E]). In the present paper we give the rigorous proof. 

The proof of giving a mathematical definition of the Feynman path integral 
for nonrelativistic QED under or without the constraints is obtained by means 
of a somewhat delicate study on oscillatory integral operators, the abstract 
Accoli-Arzela theorem on the weighted Sobolev spaces and the uniqueness to 
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the initial problem for the Schrodinger type equations as in [131 HU dSl EES]- 

The proof of expressing the vacuum and the states of photons with momen- 
tums and polarization states by means of concrete functions is as follows. We 
take e lk ' x (k, x G R 3 ) as the Fourier functions. Then, annihilation operators 
are defined for the real parts and the imaginary parts of the Fourier coeffi- 
cients, respectively. Combining the annihilation operators for the real parts 
and the imaginary parts, we can define the annihilation operators of photons. 
The creation operators are defined as the adjoint operators of the annihilation 
operators. 

The proof of the appearance of the Coulomb potentials between charged 
particles is given by proving the convergence theorem for the Riemann sum 
of a unbounded function as the discretization parameter tends to zero, which 
will be stated in Proposition 4.3 in the present paper. 

Our plan in the present paper is as follows. §2 is devoted to preliminaries. 
In §3 the main results on the Feynman path integral for nonrelativistic QED 
are stated. In §4 the appearance of the Coulomb potentials between charged 
particles is proved rigorously. In §5 the vacuum and the states of photons with 
momentums and polarization state are given concretely. §6 - §9 are devoted 
to proofs of the main results stated in §3. 

2 Preliminaries 

We consider n charged nonrelativistic particles x^ G R 3 (J = 1,2, ... ,n) 
with mass rrij > and charge ej G R. Let T > be an arbitrary constant, 
t G [0,T],x G R 3 ,(fi(t,x) G R a scalar potential and A(t,x) G R 3 a vector 
potential. We set 

~x := G R 3n , 

1c := (x (1) ,...,x (ri) ) G R 3n . 

Then the Lagrangian function for particles and the electromagnetic field with 
the charge density 

n 

p{t,x)=Y,e j 8(x-x®(t)) (2.1) 
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and the current density 



j(t,x) = ^2 ej x^\t)6 (x - x®(t)) e R 3 , x^\t) 

3=1 



dt 



(t) (2.2) 



is given by 



OA 



C [ t, x , x , A, A, . .. 

ox ox 



3=1 



y^-yl^ (i) l 2 ~ / p(t,x)<f>(t,x)dx + - / j(t,x) ■ A(t,x)dx 



+ -*- f (\E(t,x)\ 2 -\B(t,x)\ 2 )dx + C 
8tt J r3 



£ 

3=1 



m 



-l± (j) | 2 



ej(j)(t,x U) ) + ^ejX ij) ■ A(t,x 



+ f (\E(t,x)\ 2 -\B(t,x)\ 2 )dx + C 

»7T J R 3 

(cf. 0, [21]), where 

IdA d<p „ „ , 

c at ox 



(2.3) 



(2.4) 



dcf>/dx = (d(f)/dxi,d(f)/dx2,d(f>/dx 3 ) and C is an indefinite constant. It seems 
that an indefinite constant in (12.31) has not been used by anyone before (cf. 

[El El [23). 

As in [3, EOj [22] we consider a sufficient large box 
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As variables we consider all periodic potentials 4>{t,x) and A(t,x) in x e i? 3 
with periods L 1; L 2 and L 3 satisfying 



V • A(t,x) = in [0,T] x R 3 (the Coulomb gauge) 



and also 



v 



(f>(t, x)dx — 0, / A(t, x)<ix = 0. 
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(2.5) 
(2.6) 



Let |V| = L X L 2 L Z . We set 

:= ( T^ 1 ' T 2 S2 ' T 3 S3 J (si ' S2 ' 53 = ' ' ±2 ' • • ' } ( } 

and take ej(k) G -R 3 (j = 1,2) such that (e\ (k), ez(k), k/\k\) for all k ^ 
forms a set of mutually orthogonal unit vectors and 

Zj(-k) — -e}(k) (j = 1,2). (2.8) 

We note that we can easily determine measurable functions ej(k) G R 3 (k G 
R 3 , j = 1, 2) by the Gram and Schmidt method such that (et (k), ~e~2(k), k/\k\) 
for all k ^ forms a set of mutually orthogonal unit vectors and satisfies (12. 8 p 
(cf. p. 448 in [1J). Noting (I2.5P and (I2.6p . we can expand <fi(t,x) and A(t,x) 
formally into the Fourier series 



A(x, {a lk (t)}) = ^cJ2{*ik(ty k ' x ^(k) + a 2fc (t)e ifc '^(A;)}, (2.9) 

0(x, {Mt)}) = ^ E ( 2 - 10 ) 

Remark 2.1. In physics (cf. [HI E2]) the condition (12.61) is not assumed 
clearly. 

We write 

(1) _ • (2) 

a lk =: % ^ (1 = 1,2), (2.11) 

fa^.tP-it®, (2.12) 

where a}^ G -R and <f>^ G -R, and also the complex conjugate of a\ k as a* k . 
Since A and <fi are real valued, the relations 

4% = -°$, «a = oL 2) , #2 = 4". (2.13) 
hold from (l2T8"]l . So, from ([23]) and (2.10) we have 



V^4 — 1 

A(x, {a\ k }) = — — — (a^ cos/c • x + sin/c • x) e^), (2.14) 

1^1 fe^O 1=1 ^ 2 

0(x, {0fc}) = ^2 cosk ■ x + 4$ sin k ■ x). (2.15) 
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We also write 



i=i 



x 



(2)/— >■ 



ej sin fc 



;r 



0) 



(2.16) 
(2.17) 



i=i 



Determining an indefinite constant C in the Lagrangian function (12.31) for- 
mally by 

2tt A 1 1 ^/ic|/c| 

we can write £ from Q by means of (2.10) and (2.15) as 



iri S^'S u-i- 

1 1 j=l fc^O 1 



»(i)|2 



C(~x, {a lk }, {a m }, {0 fc }) = ~^-\ ±b 



fc^O ^ i=l 

V n e 2 



2 ^(i) 
k 



2 



l*| S 



fc^0,i,l 



^l) 2 fog 



\ 



V 



2|y| 



2\V\ 



J 



(2.19) 



(i) 



Remark 2.2. If we don't assume (2.6), we must add (— 1/|V|)Q2J =1 e j)0o 
^d E M =i, 2 (a, ( ?) 2 /(4M)to([2nSl). 

The reason why we determined an indefinite constant in (I2.3P by (I2.18P will 
be explained in Remark 5.1. Taking account of the constraints 



1*1 



47^(1?) (i = 1,2, fc^O), 



(2.20) 



roughly V ■ E = Anp from and (J2~3D as in (9-17) in [8J and (7.38) in 
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then from (12.161) and (2.17) we have 



So we get 



E 1*1 



i=l 



12 



2 \ V" e 2 
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16tt 2 



Ifcl 2 ^ 

1 1 .7,2=1 
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3=1 



16tt 



,,, 2J ejeicosk ■ - 

' ' J,2=1J^2 



(2.21) 



£ c (~x, ~x , {aifc}, {ai fc }) = 



2tt 



i=i 

e^e; cos ■ (2^ — x®) 



I*! 1 



1 n 

+ _J2e j x^-A(x^,{a lk }) 



3=1 



IE 



f'a$) 2 (e\k\) 2 (a$y hc|fc| 



fe/0,i,l 



V 



2|V| 



2|y| 



(2.22) 



For a multi-index a = (aj, . . . , a m ) and z = (zi, ... , z m ) G i? m we write 



a 



0.1 



(d/dZr, 



and < 2 >= 



y/l + |^| 2 . Let L 2 = L 2 (i? m ) be the space of all square integrable functions in 
R m with inner product (•, •) and norm || • ||. We introduce the weighted Sobolev 
spaces B\IT) : = {/ G L 2 ; \\f\\ Ba := \\f\\ + E w=aa (||s"/|| + HW7II) < 
00} (a = 1, 2, . . . ). Let B~ a (R m ) denote its dual space. We set B° := L 2 . Let 
S = S(R m ) be the Schwartz space of all rapidly decreasing functions in R m . 
Let y G C°°(i? m ') with compact support such that y(0) = 1. For a function 
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lim e ^o / x{ ez ')g{'i z')dz' independently of the choice of x pointwise, in the 
topology of B a (R m ) or in the topology in S(R m ) (cf. [IB]). 

3 Main results 

We arbitrarily cut off the terms of large wave numbers k in (12.221) . That is, 
let Mj (j = 1,2,3) be arbitrary positive integers such that M 2 < M 3 . We 
consider 

. r, {2ir 2it 2i \ , o 2 

A j := \ k = (77 Sl ' 77 S2 ' 77 S3 ) ; S l + S 2 + S 3 T 0, 

|si|,N,|s 3 | < (3.1) 
Then we take h 1 - (j — 1, 2, 3) such that 

Aj =: Aj U -AJ, AJ n -AJ = empty set, A' 2 C A' 3 (3.2) 
and fix A' hereafter. Let Nj denote the number of elements of the set A'-. It 

J " J 

follows from ( 12. 13ft that oa'. := {0^ }fceA' .4,1 £ R 4Nj are independent variables 
(cf. p. 154 in [24J). 
We consider 



C c (~x, ~x, {a lk }, {di k }) := ^ 



^-li (i) l 2 
2 1 1 



2"7T ^ BjSi cos k • (x^ — X®) 

1 1 kt=Aij,l=l,j^l 1 1 



1 n 

+ -^e jX {3) ■ A{x {l \a K , 2 ) 
° 3=1 



2 ^ I 2 V 2 V 

feeA 3 ,i,i 



(3.3) 



/ 
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in place of C c given by (I2.22p . where A given by (2.14) is replaced with 
A(x,a A > 2 ) = ^-cg(x) ^ (^(4?) cos A; • x 



fceA 2 1= 



+ iP(a[l ] )smk-x^(k). (3.4) 

We assume ip(-9) = -tp(9) (6 G R). 

For the sake of simplicity we write A' := A' 3 and A" := A3. We consider a 
subdivision 

A : = r < n < . . . < r v = T, | A| := max (tj - 7j_i) 

i<i<f 

of [0,T]. Let "a? e i? 3n and a A > E R m be fixed. We take arbitrarily 



and 



„(0) c R 4V 

A' 5***5 A' 



Then, we write the broken line path on [0, T] connecting at 9 — t\ (I — 
0,1,..., v, ~x^ = ~x) in order as ~~q A {6) £ R 3n - Of course, d~q A {9)/d6 =: 
~~q A (9) in the distribution sense is in L 2 ([0, T]). In the same way we define the 
broken line path cla>a(0) £ R 4N on [0, T] for a^} , . . . , a^, -1 ^ and <3a'. We define 
o-aaW £ -R 8JV by means of (12.131) . We write the classical action 

S C (T, 0; ~q A , a AA ) = / £ c (~q A (9),~q A (9), 
Jo 

a AA {6),a AA {e))d6. (3.5) 

Let p* > be the constant, which will be defined for A'^Aj and A' 3 in 
Proposition 7.2 of the present paper. See also Remark 7.1. Then we have 

Theorem 3.1. We assume for g(x) and i/j(9) in (13.41) that for any I = 
1,2,... and any multi-index a there exist constants Si > and S a > satisfying 

Hip(9)\ <Q<0 >-^\ 6eR (3.6) 
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and 

\&£g{x)\ < C a < x > x G R 3 . (3.7) 

Let \A\ < p* and f(x, a A .) G B a {R 3n+4N ) {a = 0, 1, 2, . . . ). Then, there exists 
the function 



v In 



m,; 



II in y 2mh{ n - r M 




AN- 



2m\V\h(r l - r,_i) 

x Os- J ■■■ J (expih~ 1 S c (T,0;~q A ,a AA )) /^a(0), 
a A , A (0))d^ (0) ■ • ■ d-x^daf} ■ ■ ■ da^r 1] 



(3. 



i n B a (R 3n+m ) ! which we write as (C A (T,0)f) (~x,a A >) or J J (expi/T^T, 0; 

~Qa, ^aa))/ (Va(0), gia'a(O)) V~q A Va A i A . In addition, as |A| tends to ; the 
function (C A (T,0)f) (~x,a A i) converges to the so-called Feynman path integral 

J J (expih~ l S c {T,0;~q,a A ) f(~q{0),a A ,(0))VltVa A , in B a (R 3n+4N ). We also 

see that this limit, which is B a -valued continuous and B a ~ 2 -valued continuously 
differentiable in T G (0,oo) ; satisfies the Schrddinger type equation 



d 

ih-7^u{t) = H(t)u(t) 



(3.9) 



with w(0) = / ; where 

H(t) = y^ h 9 



2m j 
j= i o 



2n e,-e; cos k • (x^ — x®) 

1 fceAi j,l=i,j& 

2 



\k\ 



+ £ 



fceA' i.l 



\V\ (h d 

T 



( C \k\y 



ua \k 



hc\k\ 



2\V\ V' LK J 2 

Remark 3.1. We determine an indefinite constant C in (12.31) by 
2% 2 x - 1 1 x - hc\k\ 



(3.10) 



7 ^ J ^ Jfe 

1 1 j=i fceAi 



2 ^ 2 

fceA 3 
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and cut off the terms of large wave numbers k of (I2.19P by introducing Aj (j = 
1,2,3). Then we get (13. 3p again, taking the account of the constraints (12.201) . 

Remark 3.2. Let < t < t < T. For / G B a (R 3n+4N ) (a = 0, 1, 2, ... ) 
we define Ca(Mo)/ as in (13.81) . See (19.31) in the present paper for the precise 
definition. As will be seen in the proof of Theorem 3.1, under the assumptions 
of Theorem 3.1 there exist (Ca(Mo)/') (~x,a\/) in B a and \im\^\^ C^(t,t )f in 
B a uniformly in < to < t < T, which satisfies the Schodinger type equation 
fl3H with u(t ) = f. 

In place of £ expressed by ( 12. 19[) we consider 



C(~x, ~x, {aifc}, {a lfc }, {<j) k }) := ^ "y"^ 



(i)|2 



+ 



1tt\V\ 



EE 



i=l 



2 



+ 16tt 



En 
.7=1 ' 



+ - e j x {j) ■ A(x 



00 



OA' 



+ 



1 E 

2 ^ 

fc6A 3 ,i,l 



/7n« 



'1A 



{c\k\f 



\ 



2\V\ 



2\V\ 



+ 



hc\k\ 



by means of (13 .4p as in C c . 

Let -<f A (0) G i? 3n , o A 'a(0) 
line paths defined before. Let £ & := <{ 



(3-11) 



G R m and a AA (#) G i? 8W be the broken 
G i? 2 for k G A;. Take 



: (i) 



i=l,2 



£ £ ■ ■ ■ an d £ jf 1,1 i n -R 2 arbitrarily. Set Pk(~x) '■= (p 
by means of ( 12. 16f) and (2.17). Then, we define the path 

►(j) . 47rp k (~q A (0)) 



>-i) 



l*l s 



G iF, r H < 9 < n 



(3.12) 



(/ = l,2,...,i/),where0 fcA (O) := lim e ^ +o 4>kA(d)- We set 0a' 1 a(6 i ) := {0fcA(0)}fc 6 Ai 
G i? 2iVl . Wedefine0 Al A(0) e i? 47Vl by means of (2.13). Let S(T, 0; g*A, «aa, 0Aia) 
be the classical action for £( x , x , {a^}, {aifc}, {0aJ) given by (13.111) . 



12 



Theorem 3.2. Let\A\ < p* and / (1c , a A >) e B a {R 3n+4N ) (a = 0, 1, 2, . . . ). 
Then, under the assumption of Theorem 3. 1 there exists the function 

AN 

1 




2mh\V\(Ti 

exp ih~ S(T, 0; 



~q A , a AA , 0Aia)J/ ("?a(0), oa'a(O)) d ~x (0) • ■ ■ d ~x (v 1] 
■daf)...dai- 1) HdTfd7i ) ---d7 

keA[ 

in B a (R 3n+4:N ) , which is equal to 



k 



(3.13) 



J J (expih 1 S c (T,0;~q A ,a AA )) 

x f CqA(0),a AA (0))V~q A Va AA 




defined by ( 13.81) in Theorem 3.1. So it follows from Theorem 3.1 that as |A| — > 
0, then ( 13. 13ft converges to the Feynman path integral (G(T,0)f) (x ,a A i) or 

(expz/T^T, 0; V, a A , 0aJ) / ("?(0), a A /(0)) V^Va^V^ (3.14) 

in B a (R 3n+4N ) , which satisfies the Schro dinger type equation (13.91) withu(0) = 
f . This expression ( 13.141) is given in $9-8 in Feynman-Hibbs without any 
comments on its definition. 

Remark 3.3. As was noted in the introduction, the constraints (2.20) are 
not needed in Theorem 3.2 above. The path <fik&{8) defined by (3.12) is de- 
termined so that dC(lf A (8),lf A (8),a AA (8),a AA (8),(p AlA (6))/d(p ( l > (i = 1,2) 
is piecewise constant. 

Remark 3.4. We take / G S(R 3n+4N ) and set M = [(3n + 4/V)/2] + 1, 
where [■] denotes Gauss' symbol. Let ( = (x,X), and a and (3 multi- indices. 
Then, the Sobolev inequality shows 



sup 

feR 3n+4JV 



C Q d?/(C) 



< 



\k\=M 
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It follows from Lemma 2.4 with a = b = 1 in [T2] or as in the proof of (I7.14p 
in the present paper that the rhs of the above is bounded by C a> p\\f\\ B \ a +t3\+M 
with a constant C a ^. Hence, for |A| < p* there exist (13.81) . (I3.13p . the limit 
of (I3.8P as |A| ^ and the limit of (I3.13P as |A| — > in the topology of S, so 
pointwise. 

Remark 3.5. Let < t < t < T. For / G B a (R 3n+m ) (a = 0, 1, 2, . . . ) we 
can define Ga(^^o)/ as in (13.131) in the same way that C^{t, to)f is defined in 
Remark 3.2. See also (I9.20p in the present paper. As will be seen in the proof 
of Theorem 3.2, under the assumptions of Theorem 3.1 there exists Ga(Mo)/ 
in B a and G^{t,t )f is equal to CA(t,t )f. 

We consider an external electromagnetic field E ex (t, x) = (E ex i, E ex2 , E ex3 ) G 
R 3 and B ex (t,x) = (B exl , B ex2 , B cx3 ) G R 3 such that d x *E eKj (t,x),d x t B exj (t,x) 
and d t B cx j(t,x) (j = 1,2,3) are continuous in [0,T] x R n for all a. Let 
0ex(^,a ; ) £ R and A ex (t,x) G R 3 be the electromagnetic potentials to E cx 
and B ex . Then we get Theorem 3.3 below. Though Theorem 3.3 gives the 
generalization of Theorems 3.1 and 3.2, the results are stated separately from 
Theorems 3.1 and 3.2 to avoid confusion. 

We replace A(x®, a A ^) in (O, flSTTUj) and (ETTTjl with A{x^\ a A > 2 )+A ex (t, x&>). 
Moreover we add — Y^j=i e j4>ex(t, x^) to (13.31) and (13.111) . and Y^=i e j0cx(^ x^) 
to (13.101) . respectively. Then we have 

Theorem 3.3. Besides the assumptions of Theorem 3.1 we suppose as in 
Ichinose [TJ\ {TSj {To!/ that for any a ^ there exist constants C a and 5 a > 
satisfying 

\d«E exj {t,x)\ < C a , \d%B exj (t,x)\ <C a <x >~( 1 +^) (3.15) 

and 

\^A aj (t,x)\ < C a , \d«(j) ex {t,x)\ <C a <x> (3.16) 

for j = 1,2 and 3 in [0, T] x R n . Then, the same assertions as in Theorems 
3.1 and 3.2 hold. 

Remark 3.6. It follows from Lemma 6.1 in p3] that under the assumptions 
(I3.15P there exist A ex and ex satisfying (13.161) . 
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4 The appearance of the Coulomb potentials 

We will show rigorously that the Coulomb potentials appear as the limit of 
the second term on the rhs of (13.31) and the limit of the second term on the 
rhs of (13.101) . This result is well known in physics (cf. [5J [S]). We will give the 
rigorous proof. Our proof is somewhat delicate. 

Theorem 4.1. Let Lj (j = 1,2,3) tend to oo under the condition 

lim 7^7- = 0, k) = (1, 2, 3), (2, 3, 1), (3, 1, 2). (4.1) 

Then we have 

2lT yr-^ J^-y 6j6i COS k ■ (x^ — X^) 

lim lim — — > > — - 

Li.La^s-ooMi-oo \V \ f-f / — ' , \k\ 2 
1 1 keAu,l=l,j^l 1 1 



2n tt-^ tjCi cos k ■ (x^ — x®) 

lim lim 1 — r > > 



M x -*oo Li,L 2 ,L 3 -+oo \V\ ^— ' \k 
1 1 keAij,l=l,j^l 1 



1 n 

- Y , ( ? ei -, mS'iR^). (4.2) 



Let Xo(^) be the function in R 3 defined by 



■ 1, \k\ < 1, 
Xo * ■=< ( 4 -3) 
0, |fc|>l. 



We first prove 

Lemma 4.2. Let e > 0. Then we have 



1 ^ f cos k ■ (x^ - x (/) ) 
l }^l2~^ 2- e J €l / \W Xo(ek)dk 



n 

Proof. Let x and be in i? 3 . Then, it is well known that 



' dk=-— in S'(i? 3 ) (4.5) 



(2tt) 2 J |A;| 2 2|x 
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(cf. §5.9 in US]). 

For the sake of simplicity we consider the case of n = 2. Let x = x^ 1 ' and 
y = x^ 2 \ We will prove 

tep^y n*r^* =2F^r toSW (4 - 6) 

We write the operation as < T, / > for T G 5' and / G S. Let <£>(x, y) G S(R 6 ). 
Then from H4.6[) we have 

e ik-(x-y) 



i-l/l /" cos A; ■ (x — y) , , . „ , . 
= SS\\(2^ 7 jifcp 

. / 1 f sink ■ (x — y) . , . „ , . 
+ *\(2^2 7 ^ xo(efc)dfc,^,y) 

/ 1 /" cos k ■ (x — y) . . . . 
= !^\(^F 7 pfej* *(,(<*)**, 



2|x-3/| 

Consequently we obtain (14.41) . 

The equation (14.61) is equivalent to 



/ 1 /• (Jk-{x-y) 

S^\2^2 7 -^p-Xo(eA:)*,^,2/) 



tp(x,y)dxdy (4.7) 



|x - y| 

for all G 5(i? 6 ). We set x 1 = (x - y)/V2 and y' = (x + j/)/<\/2- Let 

i/ji(x') and ip2{y') be in *S(-R 3 ). We take <p(x,y) = <p(x',y') := ipi{x')ip2{y') in 
the lhs of (@2D. Then the lhs of (02]) is equal to 

SS^r 5 777 |fc| 2 Xo^k)ipi(x')ip 2 (y')dkdx'dy' 

If f e ik-V2~x' r 

= l }™2^2 J ^i( x ') dx ' J j fc | 2 Xo(ek)dk J %l) 2 {y')dy\ 
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which is also equal to 
1 



V2\x'\ 



i/)i(x')dx' / ifj 2 {y')dy' 



<p(x',y') 

V2\ 



x 



dx'dy 



\x - y\ 



dxdy 



from (14. 5ft . So, (14.7ft holds for (p(x, y) = ipx(x')i/j2(y') ■ Since the set of all linear 
combinations of ipi(x')ip2(y') for all ipx and ip2 in S(R 3 ) is dense in S(R^, ,), 
so (TC7D holds for all <p(x, y) G S(R 6 ). Hence we get □ 



Proposition 4.3. Le£ c > fte a constant. Let $(&) 6e continuous in 
i? 3 \({0} U = c}). We suppose |$(fc)| < 0(|fc|) (fc G i? 3 ), wnere 0(r) zs 
non-increasing in (0,oo) ; and r 2 0(r) z's z'n L 1 ([0, cxd)) and bounded in (0,oo). 
Then, {{27r) 3 /\V\)^2 k _^ ^(k) is convergent absolutely, where the sum of k is 
taken over (2ttsx/Lx, 27rs 2 / L 2 , 2tiss/L 3 ) (si, s 2 , S3 = 0, ±1, ±2, . . . ). We also 
get 

(2tt) 3 



lim 

Li,L2,£3-kx) |y| 



$(A;)dA; 



(4.8) 



under the condition (14. ip . 

Proof. We write L = (Li,L 2 ,L 3 ). Let's define the step function $l(/c) by 

'27TS! 27TS 2 



Li ' L 2 



27TS 3 \ /27r(si — 1) 27TSi" 



/27r(s 2 — 1) 27TS 2 " /27r(s 3 — 1) 27TS 3 



L 2 L 2 J V 

2-7TS1 27TS 2 27TS 3 

L x L 2 L 3 



k G 



£3 

27r(si - 1) 2tts 1 



21XS 2 _27r(s 2 -l)\ ^ / 27t(s 3 - 1) 27TS 3 



Ln 



V L, 



for Si,s 2 ,S3 = 1,2,.... Then, for G (27r(si — 1)/ Li,2tts\/ Lx] x (27r(s 2 
1)/L 2 ,27rs 2 /L 2 ] x (27r(s 3 - 1)/L 3 , 27rs 3 /L 3 ] we have 



I*l(*0| 



27TSi 27TS 2 27TS; 



<0 



Li L 2 ' L 3 

27TSi 27TS 2 27TS3 



Li L 2 



< 0(1*1) 
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since (f)(r) is non-increasing. In the same way, for k G (27r(si — 1)/L 1; 2iis 1 /L 1 j x 
[-27rs 2 /L 2 , -2tt(s 2 - 1)/L 2 ) x (2vr( S3 - 1)/L 3 , 27rs 3 /L 3 ] we get 



N*)l<#l). 



(4.9) 



In the same way as in the above we can define the step function ^i{k) for all 
k G R 3 \{0} such that (USD and (H~T01 below hold. It holds that 



(2 



7T 



E $ ( fc ) 



$ L (k)dk+ { —L 

& \ V \ 



E *(*)■ 

fc^0,sis 2 S3=0 



(4.10) 



For a short while we suppose L\ < L 2 < L 3 . Since 0(r) is non-increasing, 
it holds that for S\ > 2 we have 



27TSi 



,0,0 



< 



(2ix(s 1 - 1) 2tt 2tt\ 
Li ' L 2 ' L 3 J 



k G 



2vr(si - 2) 27r(s! - 1) 



and also for Si > 2 and s 2 > 1 
'2ns 1 2ns 2 



x 



2tt 



x 



< #1*1), 
2tt- 



"■°)|)^IP^^SI) 

^ 27r( gl - 2) Mgi-l) ] ^ 27t(s 2 -1) 2vr S2] / 



<#l*l), 



2tti 



For s 2 > 2 we also have 

27T 27TS 2 
, -, ( 

L\ L 2 
Consequently we get 



< 



2tt 2tt(s 2 - 1) 2?r\ 
L\ L 2 L 3 / 
2tt(s 2 -2) 2tt(s 2 -1) 



<#l*i), 



2tt 

x (0,— 



(2 



7T 



E \m\<^- E m)< 



+ 



fc^0,s 3 =0 
(27T) 3 



fc^0,s 3 =0 



E 



#i*i) 



E #i*i) + 3 / 



fe/0,S3=0,Sl,S 2 =0,±l 

0(|Jfe|)<iJfe. (4.11) 



fc^0,S3=si=0 



0<fc 3 <(27r)/L 3 
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We take a constant m > 1 such that L 3 > vnL\ > L 2 . We add the refinement 
{ ((27r)/(m£i), (27rs 2 )/L 2 , (27rs 3 )/L 3 ) ! s 2 , s 3 = 0, ±1, ±2, . . . } to { ((2*s x )/L u 
(27rs 2 )/L 2 , (27rs 3 )/L 3 ); si, s 2 , s 3 = 0, ±1, ±2, . . . }. Then, for s 2 > 2 noting 



0,^,0 



< 



2tt 2tt(s 2 - 1) 2tt 
mLi ' L 2 ' L 3 



as in the proof of (14. lip we have 



(2 



7T 



E ^(N)< / 



< 



<(27r)/(mii),0<fc 3 <(27r)/i3 
(j)(\k\)dk. 

171 ^0<A;3<(27r)/L3 



Consequently from (14.111) we get 



(2tt) 



E 

fc^0,s 3 =0 



< 



E 



#1*1) 



+ 4 



fc^0,S 3 =0,Sl,S2=0,±l 

(j)(\k\)dk. 



(4.12) 



0<fc 3 <(27r)/L 3 



Consider the case of L\ < L 2 generally. We add the refinement { ((27rsi) / Li, 
(27rs 2 )/L 2 , (27r)/(mL 3 )) ; Sl , s 2 = 0, ±1, ±2, . . . } to { ((2^)/^, (2vrs 2 )/L 2 , 
(27rs 3 )/L 3 ); si, s 2 , s 3 = 0, ±1, ±2, . . . }, where m > 1 is a constant such that 
L 2 < mL 3 . Then, as in the proof of (14.121) we can also prove (14.121) for this 
case. Hence, for general L\, L 2 and L 3 we obtain 



(27T) 



E 



< 



+ 4 



(27T) 



E 

fc^0,si,S2,s 3 =0,±l 



<j){\k\)dk (j = 1,2,3). 



(4.13) 



0<k j <(2w)/L j 



From (14.91) . (I4.10p and (I4.13P we can prove that Ylk^o | *£(*)! is convergent. 
It follows from the assumptions that 



<f>{\k\) < Const.- 



1 



12 : 



k ± 0. 
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So we see that ((27r) 3 /|V|) X^o,si,s 2 ,s 3 =o,±i 0(1^1) tends to zero as Li,L 2 and 
L 3 tend to the infinity under the condition (14. ip . We note that we first used 
the condition (14.11) here. Consequently, from (I4.13P and the assumptions we 
have 

T T^T E $ W = °. J = 1,2,3 

£1,1/2,1/3^00 \V\ *■ ' 

1 1 fc^O,Sj=0 

under (14. ip . Hence, noting (14.91) . from (I4.10p we obtain (14. 8p by means of the 
Lebesgue dominated convergence theorem. □ 

Remark 4.1. The condition (14. ip is necessary for $(fc) in Proposition 4.3 to 
satisfy (14. 8 p in general. In fact, for example, suppose lim £ljL2ji3 _^ 00 L 1 /(L 2 iv3) > 
0. Let < Xi(A;) G C°°(-R 3 ) with compact support such that Xi(k) = 1 (1^1 < 
1). We consider $(£;) = |/c| _2 xi(A;) (> 0). Then, from f fl~9i) and (I4.10p we have 

> J §{k)dk. 

So, gU) doesn't hold. 

Now we will prove Theorem 4.1. For the sake of simplicity let n = 2. Let 
Xo(k) be the function defined by ( 14. 31) . We write x = and y = x^ 2 \ We 
take <p(x,y) G S(R 6 ). Then, we have 

(27r) 3 ^-^ cos k ■ (x — y) , . . 



(27T) 



^ /* /* cos Aj * ^ 

/ / ^ xo(ek)tp(x,y)dxdy 



\V\ ^ JJ \k 

= i£r £ // c Tk^<k~J ) xo{ek) < ^ >2 ^ y)dxdy ' (4 - 14) 
i i fc _^ ^ ^ M 

where < D x > 2 = (l-EJ=i^)- Let = l^l" 2 <k> ' 2 \\ cosk-(x-y) 
x < D x > 2 cp(x, y)dxdy and 

0(|fc|) := |fc|2 ~ fc >2 ff\< D x > 2 V(x,y)\dxdy. 
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Then from (14.141) Proposition 4.3 shows 

,. / (2vr) 3 v-^ cos A; ■ (x — y) . , , , 

= / \k\ 2 <k > 2 ^ // ^ cos k '( x ~ y ^) < ^ >2 y) dxd v- ( 4 - 15 ) 

In the same way from (14.141) we also have 

,. / (27r) 3 ^-^ cos k ■ (x — y) . . . . 

I 1 ™ Li JS-c \ — W — Xo { ] MXlV \ 

= J \k\ 2 < k > 2 ^ // ( cos ^ ' ( x ~~ ^) < ^ >2 { P( x ^y)dxdy. (4.16) 
On the other hand, Lemma 4.2 and Proposition 4.3 indicate 
,. / (27r) 3 ^-^ cos/c ■ (x — y) , . . 

S 1 ^ Jsu \7^r ^ — ^ — Xo( } ' ^ y) 

/*/*/* cos /c * ^/ ) 

= l }™jjJ i]U2 Xo(tk)ip(x,y)dxdydk 

= 2n 2 JJ^-dxdy. (4.17) 

Hence we obtain (14. 2 p together with (14.151) and (14.161) . 

Remark 4.2. Let G <S(-R 3 ) such that x(0) = 1 and x(— k) = x(k)- We 
take the limit of Lj (j = 1, 2, 3) under the condition (14.11) . Then it holds that 

, . 2n v-^ v-^ 676; cos /c • (x^ — x^) 
hm hm 7777 > > X{£k)— 7775 

pointwise for "a? e i? 3n such that 2;^ — a;^ 7^ (j, Z = 1, 2, . . . , n, j 7^ Z). The 
proof is easy. Consider the case of n = 2 and ei = e 2 = 1. Let's write x = x^ 
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and y = x (2) . We take xi{k) € C°°(R 3 ) such that xi(k) = 1 (|fc| < 1) and 
Xi(fc) = (\k\ > 2) . Then, Proposition 4.3 says for x ^ y that the lhs of (I4.18P 
is equal to 

1 ,. f , , . cos fe • (x — y) 



(2vr; 



/* / i \ cos k ■ (x — y) 

£3 y x(ffc) — ptT - ^ 



1 f /" ... . . cos k ■ (x — y) 

(2^Sa(y xi(*)x(^) — ^ — d* 

/ (cosA;-(x-y))A fc {(l- Xl (A;)) X (eA ; )|A;|- 2 }^ 

!•£ y\ J 

1 j- /" cos/c- (x-y) 



(2tt) 2 i y |fc| 

- , j |2 / (cosfc- (x-y))A fc {(l- X i(A;))|A;|- 2 }rfA;} (4.19) 

pointwise, where A^ denotes the Laplacian operator with respect to k G R 3 
and we used \e X '{ek)\ = e 1 / 3 1 A: | " 2 / 3 (e| A; | ) 2 / 3 1 x'Ce/fc) | < Const. t l / 3 \k\~ 2 / 3 . Since 
we have |A fc {(l — Xi(^))x( e ^)l^r 2 } \ < C < k > -3-1 / 3 with a constant C 
independent of e, so we can prove that the equation (14. 19j) is also true in the 
distribution sense S'(R 6 ). On the other hand, we see as in the proof of Lemma 
4.2 that the lhs of IjOBj) is equal to l/(2\x - y\) in S'(R 6 ). Consequently we 
can prove that (14.191) is equal to l/(2\x — y\). Hence (I4.18P holds pointwise. 



5 The expression of the vacuum and the states 
of photons 

In this section we express the vacuum and the states of photons of momentums 
and polarization states by means of concrete functions in terms of variables 
oa' consisting of the Fourier coefficients of the electromagnetic potential. In 
Problem 9-8 of [8] only the vacuum and the state of a photon of momentum hk 
and polarization state 1 are expressed concretely. In this section we generalize 
this result in [8] for the general states of photons. In physics the vacuum and 
the state of photons are not considered concretely but considered abstractly 
(cf. [22| 125] ) . We also note that the state of photons of given momentums and 
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polarization states can't be considered in the study for QED models on the 
Fock spaces (cf. [TOl HH [23])- 

To write down the vacuum and the state of photons concretely, we will 
introduce the creation operators and the annihilation operators concretely. 
Let's define 



-tt _ ■ / \ V \ f h_d .c\k\ (i) 

^ '- l p hc \k\ iTaog) >| Glfc 



\ y \ ( , 9 , c \ k \ « 



2hc\k\ \ da f) \V 



for fceA and i, 1 = 1, 2. From (12 . 1 3[) we have 

-(1) __"(!) -(2) _ -(2) 
a \-k ~ a \k > a l-fc ~~ a \k ■ 

Let denote the adjoint operator of a( k ]. Then we know that the commutator 
relations 

hold for k and k' in A' (cf. §34 in [4j). We define the operator d\k for k G A 
and 1 = 1, 2 by 

~(1) _ -~(2) 

a lk := J* (5.2) 



(cf. ( 12. lip ). We call the annihilation operator and a\ k the creation operator. 

hk 



We can easily see from the commutator relations for a[ k that the operators ai& 



and d| fc also satisfy the commutator relations 



[a\k,a Vk ,] — 5y\Skk', [aife, O'Vk'] — (5-3) 

for and fc' in A (cf. (2.26) in [22J). It follows from the commutator relations 
( 15.31) that we have 

kk{a\ k ) n ' -{a\ k ) n 'kk = n'{a\ k r'- 1 (5.4) 

(cf. §34 in [1]). Then we get the following expression as in physics (cf. p. 198 
in [TO], (2.60) and (2.64) in [22]). 
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Proposition 5.1. We can write the last term of H(t) defined by (I3.10P as 



Hrad ■= Yl Yl \ 



f\V\ (h d V , (c|A;j) 2 ( hc\k\ 
1 2 + 2\V\ \ lk J 2 



, _ . % an® / 2IVI 
feeA',1 i=i I \ ua ik / 1 1 

^ /iclfclojj.aifc. (5.5) 



fceA.i 



TTie vector potential A(x, a^) defined by (12. 9p or (I2.14p . where the sum of k 
is taken over hi, is given by the expression 

A(x,a A >) = i/^c^^_^(a lfc e^ + a; fe e-^)ir(A:). (5.6) 

Proof. Since from (15. ip and 05.21) we have 

hc\k\(a\ k a\ k + a[_ fc ai_ fe ) 

r / ( i)t .q,) t \ /.(I) _ 7 ^(2)\ f .(i)t , f _ in.® 



a ik + m ik ) [ a m ~ m \k ) + I -«ifc + za ife ) I -% - 



E 



|V| //i 9 \ , (c\k\)\ Jih2 hc\k\ 

Ik 



for k G A, so we get ( 15. 5ft . 

From (15. ip and (15 .2p we have 



ai k e ik ' x + a\ k e ik ' 2 



a 



-^=| (a[l } + o£ Jt ) cos fc • x - z (a£ J - a£ )f ) cos k ■ 
i (c$ - a[l^J sin k ■ x + + a^j sin • x| 

1^1 (c\k\ m , clfcl (2) . , 
: — — I - — -a) J cos k ■ x + -r—r a ib sm k • x 



X 



hc\k\ y\v\ lk \v\ 

d s d 

ih(cos k ■ x) — j-r + ih{snx k ■ x N 



da {2) da (1) 
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So, it is shown from (12. 8p and (12.131) that 

Yl Jrryj ( a< ik cosk-x + a[l } sin k ■ ~e\(k). 



Hence, we see that the rhs of (15. 6p is equal to 

2 



An 



c —= {^} cos k ■ x + sin k ■ x j et(A;) , 



fe6A 2 1= 

which is equal to the lhs of (15. 6p from (12. 14[) . □ 
We know 

^e- ae2 d6=^ 
V a 

for a constant a > 0. So, we can easily see from (15.21) and (15.51) that 



«:=nJ|L.p{-i(^ + „r)) 



(5.7) 



fceA',i 

is the normal ground state of H rad , called vacuum, whose energy is 0, i.e. 
and that we have 



2c\k\ 

Vo = J ^yJ a *A kk% = (k G A) (5.9) 

(cf. §8-1, (9-43) and Problem 9-8 in [Hj). We know that the eigenvalue of 
(15.81) is simple (cf. Theorem 3.4 in Chapter 3 of [2]). 

The function * n 'ijfc(a A ') := (al k ) n '^ (a A >) (k E A, n' = 0,1,2,...), which 
can be written concretely from ( 15. ip . ( 15. 2ft and ( 15. 7ft . expresses the state of n' 
photons of momentum and polarization state 1 (cf. §9-2 in [8] and §2-2 in 
[221 ) and satisfies 
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^2hka\ k ai k J ^n'Vk' = n'(hk')m n , 

KkeA J 



l'fe' 



and 

#rad*nW = Tl' (hc\ k'\)*$ n 'V k ' 

from (15 .4p . (15.51) and (15.91) . The operators J2keA\^lk^k anc ^ J2k&A hka\ k a\k are 
called the total number operator and the momentum operator, respectively (cf. 
(2.68) and (2.80) in [22J). In the same way, rifc 6 A,i(«L) n ' (1 ' fc) ^o(aA') (n'(l, k) = 
0,1,...) denotes the state of n'(l, k) photons of momentum hk and polarization 
state 1. Then, setting *(o A ') = UkeAMk) n ' {1 ' k) ^o( a A'), we § et 



(5.10) 



and 



^fceA.i / VfeeA,i / 

E^iW ) *= ( E n '^k)hk ] * (5.11) 
vfceA / VfceA.i / 

^rad^= ( £n'(l,A0/w|fc|W (5.12) 



The family 



II (a|i»)"'" A,, *o 

J n'{\,k,\)=Q 

makes a complete orthogonal system in L 2 (R 4N ) (cf. Theorem 3.1 in Chapter 
3 of [2J and §34 in [4]). We have 

,(i) _ d\k — a\-k .(2) _ ijo-xk + Qi-fc) 



a lk ~ fK ' a lA: 



v/2 ' lfe 

from (12 . 131) and (15.21) . So we see together with (15.41) and the second equation 
in (15.91) that the family 



(5.13) 

n'(l,k)=0 
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also makes a complete orthonormal system in L 2 (R AN ) (cf. §34 in [I] and 
(2.46) in |22j). For example, we have 

= 2(a lfc * ,*o) = 0. 

Remark 5.1. We considered the Lagrangian function (I3.3P and the Hamil- 
tonian operator (I3.10p . determining an indefinite constant in (12. 3p by (I2.18P 
or in Remark 3.1. On the other hand, in many literatures (cf. [8], [22] and 
[24"] ) an indefinite constant is determined to be 0. Consequently, the term 
oo = (1/2) YTj=x e|/|a^ — x^\ appears in (14. 2 p from (I2.2ip and the ground 
state energy of if ra d is J2keA> hc\k\/2, which tends to infinity as M 3 tends to 
infinity. Arguments are had about these infinities in §9-3 and §9-5 of (SJ. In the 
present paper we could see that the term (1/2) Y^j=x e 2 /\x^ —x^\ disappears 
in (14.21) and that the ground state energy of i7 ra( j is 0. 



6 Preliminaries for the proofs of main results 

From §6 to §9 we often write ~x and y in R 3n as x and y, respectively for the 
sake of simplicity when no confusion arises. 

Let < s < t < T. For x and y in R 3n we define 

~Q^(d) :=x- -y),8<0<t. (6.1) 

' y t — s 

For X and Y in R AN we also define 

a% x>Y (0) :=X- j^(X — Y), s <8 <t. (6.2) 

Then a\ s XY (6) G R 8N is defined by means of fl2TT31 . We set 

V ^'-=W\^ 2^ W ( ) 

1 1 keAij,l=i,j& 1 1 
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and 



For the sake of simplicity we suppose A' 2 = A' 3 (= A') from §6 to §9. We 
write x = (x, X) e H in + m and 

= (f , "? a^ye)) e i* 14 **"* * < < t. (6.5) 

Then from fl 3 . 3 p and (13.51) we have 

+ / \-V 1 {x)dt + - V ej A{x®, a A .) • dx® - V 2 {a A ,)dt) + J*~ ^\ 

= mj ' |x0) " y0)|2 " [ Vl{x ~ r^ (a; ~ y))dd 

i n r 1 

+ - V ej (x (j) - • / A(x U) - 9(x® - y U) ),X - 9(X - Y))d6 
2\V\(t-s) J s t-s 

i n r 1 

= ^7^ ) Y, m i\ xU) -y {j) \ 2 -( t -^ J o V l {x-6{x-y))d6 

i n r 1 

+ -J2 e j( x(3) -V b) ) ■ / M xU) -y ij) ),X -6{X -Y))d6 

+ J* ~ F| r - (t - s) [ V 2 {X -6{X -Y))d6. (6.6) 



2\V\(t-s 

Let M > and p(x, u>, X, W) a C°° function in R 6n x i? 87V such that 
\dZd£d&d%p(x, w, X,W)\< C aM , (< x- wxX-W >) M (6.7) 
for all multi-indices a, (3, a' and (3' with constants C a)( g iW f )( g/, where < x; w; >:= 
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y/l + \x\ 2 + \w\ 2 . For f(x,X) G S(R 3n+iN ) we define the operator P(t, s) by 
P \] 2m ^t- s) ) V 2mh\V\(t-s) J I («P^(*. * Q w) 

V J 1 / V 5 *\ £ 

x p (x, ^fJL, X, ^fJL) f(y, Y)dydY, 

. \ y/t - S y/t - S J 
\ , \ i 47V 

rrin \ 1 



n^k »-JJ 



2, 



+ Wt) }p(x, w, X, W)dwdWf(x } X), 

(6.8) 

When p(x,w,X,W) = 1, P(t,s) is called i/te fundamental operator and de- 
noted by C(t, s). 

Lemma 6.1. Let Mi and M2 be non-negative constants. Suppose that 
g(x) (x G R 3 ) and ip(6) (9 G R) in satisfy 

\d%g{x)\ <C a <x> M \ x G i? 3 

/or a// a and 

d k 

\—^6)\<C k <e> M \ 6eR 

for all k = 0,1,.... Let / G S(i? 3n+47V ). ITien, d%d$(P(t, s)f)(x, X) are 
continuous inO<s<t<T and (x, X) G R 3n+AN for all a and a 1 . 



Proof. Let s < t and make the change of variables: y — > w = (x — y)j y/t — s 
and Y -> W = (X - Y) / y/t^s in (j6T8"| . Then from (JOj) we have 

, n 3 s 1 AN 

P ( ( '^=(n^ jV2^ O.-//(«pift-'#(t,,,x,«,X,W0) 
xp(x,w,X,W)f(x- y/pw,X -y/pW)dwdW, p = t-s, (6.9) 
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where 

n 

0(t, s; x, w, X, W) := £ ^\w (j) \ 2 + —\W\ 2 + j>(t, s; x, ^pw, X, JpW) 

j=i 

n , „i n 

■= E ^l^ a) | 2 + ^l^l 2 - P / ^ - + - V e,V^ 0) 

i=i 2 2m y ° S=i 

• / i(a£> - 9^pw (j \X - 6^pW)d6 -pi V 2 (X - 9^/pW)d9. (6.10) 
Jo Jo 

We note from ( 16. 81) that ( 16.91) is also true for t = s. 

Let :=< w& >~ 2 (l - ihmj 1 £)J =1 w^d/dwjjA (j = 1, 2, . . . , n) and 

its transposed operator. We also let L\ :=< W >~ 2 ^1 — ih\V\ J2t=i Wkd\v k 
Then, integrating by parts with respect to w and W in (16. 9p by means of 
and Li, we see that the integrand is bounded by 

Const. < x:X > l < w >-( 3 ™ +1 )< W >^ N+1 ) 



for some real constant /. See the proof of Lemma 2.1 in jM] for further details. 
Consequently we see that (P(t, s)f) (x, X) is continuous inO<s<t<T and 
(x,X) G R 3n+m . In the same way we can complete the proof. □ 

For < <7i, <7 2 < 1 we set a := (ci, <7 2 ) and 
r(cr) := t- ai(t - s) e R, 

((j)(a) := z {j) + ax{x^ - z^) + a x a 2 {y^ - G i? 3 , j = 1, 2, . . . , n, 
C(cr) := z + a x {x - z) + <7ier 2 (2/ -x) G i? 3n , 

C(or) := Z + -Z) + a lC r 2 (Y — X) G i? 4iV . (6.11) 

We also set 

Brni(x®,av) = |^-(^'W) - ^(x ij \a A ,) (6.12) 
ox m dxi 

for l,m = 1,2,3 and j = 1, 2, . . . , n. Then from ( I6.6P we have 
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Lemma 6.2. We can write 
S c (t, s; q a^ ZY ) ~ S c (t, s; q ^* , a^z,x) 



1 / 

S 3=1 ^ 

{C,{(j)) da 1 da 2 

1 - Z" 1 

+ - V e^ar^ - • / A{x® - fl(£ (i) - y {j) ),X - 6{X - Y))dO 

"E E ^ff-ySW-^) T f 1 cr 1 B ml (C^(a)X(a))da 1 da 2 
c „-_i ; „_i Jo Jo 



c 

3=1 (,m=l 



cjri 1 Jo Jo <9a A . 

n 3 „i „i 



<9A 



1 Z* 1 f 1 

+ ( I - y )-;EE e i^ ) -^ ) ) /_ /_ ^i^(C (i V),C>))rfM<x 2 

3=1 m=l 



(*-a)l^ V v 2 



+ ( t _ s )(x - F) ■ / T ^^-((((t))^!^. (6.13) 
Jo Jo oa A ' 

Proof. We use ( 16.61) . From f)6.5p and (16. lip we see 

/i Til 3 /* /* 

Vi(x))dt- (~V 1 (x))dt = J2J2 BVjdx^dtAdx^ 

J<lz% j = i i = i J J A 



3=1 J=l 



.7 = 



Jo 



= EE(*- a )f a; ? ) -y? ) ) / / ^(cw)/^^ 

3=1 1=1 V 7 JO JO 

nl f)\f 
<Ti-^r(((<T))d<rida 2 , (6.14) 

where A = A.(t, s,x,y, z) is the 2- dimensional plane with oriented boundary 
consisting of (0, g*?* (0)), -(0, g^ x (0)) and (0, g^£(0)) (s < < t), and a in 
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(16. lip gives the positive orientation of A. So the second term on the rhs of 
(I6.13P appears. In the same way the last term appears. It is easy to show that 
the first and the 7th terms appear. 
As in the proof of (16.141) we have 



A(x®, a A ,) ■ dx (j) - / A(x (j) , a A >) ■ dx^ j) 

A(x {j \ a A /) ■ dx {l) + II d (A(x {j \ a A • dx {j) ^j 



= (x U) - y ij) ) ■ / A (x ij) - 9(x (j) - y (j) ),X - 9{X - Y)) d9 
Jo 

+ E // B ^ dx ™ A dx i ] -EE// (dA m /da®) dx<£ A rfa« 

l<m<l<3 J ^ A feeA',i,l m=l ^ A 

= (x® - y (j) ) ■ ! A (x U) - 6{x {j) - y (j) ),X - 0{X - Y)) dO 
Jo 

+ E {(^-ySW-^-C^-y^SP-^ 

l<m<Z<3 

x y 1 y 1 (c (i V), c(^)) ^1^2 

3 

(Ti^(C W) W.CW)^1^2. (6-15) 



m=l 




So we can complete the proof of ( 16.131) from ( 16.61) . □ 
Let's define <&m (t, s; x^\y^\ z^,X, Y, Z) e R (m = 1, 2, 3, j = l,2,...,n) 
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and s; x, y, z, X, Y, Z) G R 4N by 

Ji) , 0') 

+ e 3 -(t-a) ( , _ aji , ()! . K , /I(aKUa))r/(Tif/a2 



m j c l=1 Jo Jo 



6j{t S) -(X-Z). f !\ 1 9 ^{^\aU{a))da 1 da 2 



+ 6j(t g) / I m (a;^ - #(x w - yW), X-6(X- Y))dd 
(+ - s ) 2 f 1 f 1 

' 1 1 atdVi (((<r))/dx$ da x d(j 2 (6.16) 




m j JO JO 

and 

*i = (Z - ^) + £ £ - iff) 

^ '-'■11 
j=l m=l 

Jo Jo V a A' 

+ (t- s) 2 \V\ f f tn^-iCWdtnda* (6.17) 
Jo Jo oa-K' 

respectively. Let := e i? 3 . Then it follows from flBTTSl . 

(l6~T6l) and (IBTTTj) that 

Sc(£> s; g ^* , &Az,y) — ^(t, s; g a>xz,x) 
1 n 

= ^ m J ~ " $C0 (*, s; X, F, Z) 

(t- s)|y| 

7 The stability of the fundamental operator 

Lemma 7.1. Let f e C\R d ) and \d£f\ < C a < x >-( x +^) for all \a\ = 1, 

where 5 a > are constants. Then we have : (1) f is a bounded function in 
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R d . (2) We have 



\x — z\ 



d a d p d 1 



<c a . 



0.7 > 



/ / aif(z + ai(x - z) + a 1 a 2 {y — x))daida 2 
Jo Jo 

a + (3 + 7I = 1, x,y,z E R d . 



The proof is easy. See the proof of Lemma 3.5 in [13] for the proof of 
Lemma 7.1. 

We note (13 .4p and (16. lip . Then, it follows from Lemma 7.1 that under the 
assumptions of Theorem 3.1 we have 

rl dir. 



d^d%dJ U) d« x dPdl(Z-X) 



jo 



< a 



a,j3^,a' ,/3' ',7' ) 



I a + + 7 + a' + P' + i\ > 



(7-1) 



for x^\ yU\ zv> e R 3 and X, Y, Z E R 4N . In the same way we have the same 

-1 /■! 



estimates as the above for (x 



1 /■! 



JO 



aiB ml (( (j \a),C(a))daida 2 and 



Jo 



0"! 



dA m 
da\i 



(^\a), C(cr) ) do\do 2 . To obtain these estimates we 



assumed (13.61) and (13.71) . Consequently, letting 9 be a component of and 
$1, and \a + (3 + 7 + a' + (3' + i\ > 1, then from (IBTTHj) and (1BT7I) we obtain 



<c, 



a,/3,7,a',/3',7' 



(7.2) 



together with O and ([S3D for < s < t < T, x, y, z E R 3n and X,Y,Z E 
R m . 

Proposition 7.2. Under the assumptions of Theorem 3.1 we have : (1) 
There exists a constant p* > such that the mapping : R 3n+AN 3 (^ Z) — > 
(£,H) = ($,$1) := $ (2) , . . . , $1) E R 3n+iN is homeomorphic and 

det <9(£, E)/d(z, Z) > 1/2 for each fixed < t—s < p*,x, y, X and Y . We write 
its inverse mapping as R 3n+4N 3 «) — > (z, Z) = (z(t, s; x, £, y, X, E, Y), 
Z(t, s; x, f , y, X, E, Y)) E R 3n+iN . (2) Let rj(t, s; x, f , y, X, E, Y) be a component 
of z and Z . Then, letting \a + (3 + 7 + a' + (3' + 7'! > 1, we have 



d^d^ y d^4d^ V (t, s; x, C y, X, S, K) 
/or < t - s < p*, x,£,y E R 3n and X, E, Y E R m 



< a 



(7.3) 
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Proof. (1) From (16.161) and (I6.17P we write 



«9($, *i)/d(z, Z) = I + (t- s)d(t, s; x, y, z, X, Y, Z), (7.4) 

where / is the identity matrix of degree 3n + 4N. We can see as in the proof 
of (17.21) that each component of d satisfies (17.21) for all a, (3, 7, a', (3' and 7'. 
Hence, applying Theorem 1.22 in [23] to the mapping : (z,Z) — > ($,$1), we 
can prove (1). 
(2) We see 

(£, S) = ($ (t, s; x, y, z, X, Y, Z), s; x, y, z, X, Y, Z)) 

with z = z(t, s; x,£,y, X,E,Y) and Z = Z(t, s; x,£,y, X,E,Y). So, (17.31) fol- 
lows from £L2D and det d(£, E)/d{z, Z) > 1/2. □ 

Remark 7.1. Let's consider the general case of A2 Q A3. Then from ( 13. 4p 
and ( I6.12p we take A(x, a\> 2 ) and B m i(x, a^ 2 ) in ( 16.161) and ( 16.171) . Let A[ 
and A' 2 be fixed. When A' 3 = A' 2 , we could determine p* > from (17.41) such 
that we get detd($, $i)/d(z, Z) > 1/2 for < t - s < p*, x, y, z G R 3n and 
X, Y, Z G R iNi . Let A 3 D A' 2 . Then, the direct calculations show 

detd($,$i)/d(2,Z) > 1/2 

for < t - s < p*, x, y, z G R 3n and X, F, Z G i? 4A% from flOHD and (I6TT71) 
since |^|9 2 V2(aA')/^( a ifc ) 2 = ( c l^l) 2 are positive. Consequently, we can see 
that when A[ and A' 2 are fixed, the constant p* > is taken independently of 
A' 3 . See the Pauli-Fierz hamiltonian in [20] for the condition A' 3 D A' 2 . 

Theorem 7.3. Let p* > be the constant determined in Proposition 7.2. 
Then under the assumptions of Theorem 3. 1 we can find constants K a > (a = 
0, 1, 2, . . . ) such that 

\\C{t,s)f\\ Ba <e K ^\\f\\ Ba , 0<t-s<p* (7.5) 

for all f(x,a A ,) G B a (R 3n+iN ). 



35 



Proof. The definition (16.81) says 

C(s, s) = Identity. (7.6) 

So (17.51) holds for t = s. 

Let < t - s < p*. We take \ e C°°(R 3n+4N ) with compact support such 
that x(0) = 1. Let e > and / e S{R 3n+AN ). Then from fEHD and (I6TT8D we 
can write 

c { t,sy xi emt,s)f= ^(^—^ { 2whlv ] it _ sj ) ,N J/ f(v.r)WY 

x J J X(ez, tZ) 2 exp {ih^S c (t, s; ~q^ y , a% Y ) ~ ih^S^t, s; ~q%, a% x )}dzdZ 

n (^y) 3 } {mm^ifH^ wrjj*<-*r 

x exp (i ±y - ,») ■ + ,<X - r) ■ (7.7) 

We can make the change of variables : (z, Z) — > (£, H) = ($, $i) in (17. 7p from 
Proposition 7.2. Then 



C(M)* X (e-) 2 C(M)/ 



rrij \ I / 1 



L V27r/i(t - s)/ I \2irh\V\{t - s) 
K x // " } ■ j 



x JJ f(y,Y)dydY JJ x (ez,eZ) 2 l exp f iJ^W - y W) . _JL_ 



The equation (17. 4p and (2) of Proposition 7.2 show 

det SMI = 1 + (* - s ) h ^ s ~> x ' f > y> x > s ' r )' ( 7 - 8 ) 

where s; x, £, X, H, F) satisfies ( 17. 3D for all a, /3, 7, a;', (3' and 7'. Conse- 
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quently from (2) of Proposition 7.2 we have 

(-, \ 3n+AN p „ „ p 

— ] Jim J J f(y, Y)dydY J j X (ez, tZf 

x {exp(*(x - y) ■ T + i(X - Y) ■ V) } det ||ifjd 7 dT 

\ 3n+AN f f f r 

2^J 0s ~ JJJJ i e M^ x -y)^ + ^ x - Y )- T )} 

x h(t, s; x, e, X, 5, Y)f(y, Y)dydYd 1 dT J (7.9) 

where = /i(t - s^/rrij {j = 1, 2, . . . , n) and H = fc| V|(t - s)r. We note 
that the second term on the rhs of (17. 9p is a pseudo-differential operator. So, 
applying the Calderon-Vaillancourt theorem ([3]), we obtain 

Km \\ X (e-)C(t, s)f\\ 2 = Km(C(t, sy X (e-) 2 C(t, s)f, f) 
= (hmC(t,sy X (e-) 2 C(t,s)f,f) < (1 + 2K (t - s" 11 " |2 

with a constant .Ko > 0. Hence we get (17.51) with a = by Fatou's lemma. 

Let p(x, w, X, W) be a C°° function satisfying (16 .7p with an integer M > 0. 
Then we obtain 

||P(M)/||<Const.||/|| B M (7.10) 

as in the proof of (17.51) with a = 0. See the proof of Proposition 4.3 in [TJ] for 
further details. 

Let's remember the expression (16.91) of C(t,s)f. Set ( := (x,X) and let 
k = k 2 , . . . , ^3n+4Ar) be an arbitrary multi- index. Then we can see that 
d£(C(t,s)f) - C(t,s)(d£f) and ( K (C(t 7 s)f) - C(t,s)(( K f) are written in the 
form 

( AN 

(t-s)J2 P,(t,s)(d!f):=(t-s) £ (II ' '"' ^ ; 1 



„ 2nih j \/ 27rz/z| 



x Os — (exp ih l <p{t, s; x, tu, X, W / ))p 7 (t, s; x, y/pw, X, ^fpW) 

x (SJ7)(a; - ^/pw,X - ^/pW)dwdW (7.11) 
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respectively, where p 7 (t, s; x, w, X, W) satisfies (16.71) with M = \k\ — \ j\ for 
all a,/3,af and (3'. We can prove these results by induction with respect to 
|«|, using hd^e™^ 1 ^ 2 ' 2 = imjw^e™^- 1 ^ 2 / 2 , hdw^ w ^ v ^ = 
(iW/\V\)e l7L 1 l 14/ l 2 /( 2 l y D and the integration by parts in (16.91) . See the proof of 
Lemma 3.2 in [TH] for further details. 

Let \k\ — a (a — 0, 1, 2, . . . ). Then we have 

||^(cm/)|| < ||CM(^/)|| + (t-s) ||p 7 M(fl?/)||. 

h\<a 

Applying (17.51) with a = and (17. 101) to the rhs above, we get 

\\d^C(t,s)f)\\ < e^*- s )||^/||+Const.(t- S ) £ . 

lTl<a 

We know from Lemma 2.3 with s = 1 and a = b in [T2] that there exist a 
constant \i a > and A a (£, T]) satisfying 

\^x a (C,v)\<c a , p <C;v>- a (7-12) 

for all a and (3, and 

A a (C, D ( ) = Qi a + <(> a + <D ( > a )- 1 (7.13) 

on S, where A a (£, D^) is the pseudo-differential operator with symbol A a (£, v)- 
So, using Lemma 2.4 in [T2] and the Calderon-Vaillancourt theorem, we have 

H^/IIb-n < Const.ll (/. a _| 7 |+ < C > aH71 +<D C > a -^) djf\\ 

= ConSt.il {(/i a -| 7 |+ < C > a " M + < > aH7 ') djAa} {^a+ < C >° 

+ < A; > a )/H< Const.||/|| B[1 . (7.14) 
Hence we get 

\\dZ(C(t,s)f)\\ <e K ^\\d^f\\+ Constat -s)\\f\\ Ba . (7.15) 
In the same way we get 

\\C(C(t, s)f)\\ < e K ^\\Cf\\ + Const.(t - S )||/|| Ba . (7.16) 
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Thus we obtain 

\\C(t, s)f\\ Ba < e Ko ^\\f\\ Ba + Const.(t - s )||/|| fl . 
<e K ^\\f\\ Ba . 

This completes the proof of Theorem 7.3. □ 

Proposition 7.4. Let < t—s < p* andp(x, w, X, W) satisfy (\6.7\i with an 
integer M > 0. Then P(t, s) is a continuous operator from B a (a = 0, 1, 2, ... ) 
into B a+M . 

Proof. Let ( = (x,X) and / G S(R 3n+AN ). We also use (JS^J as in the proof 
of Theorem 7.3. Then we have 

azp(t, 8 )f = 'E i R r (t,8)8Zf, 

where 7 < k denotes 7, < Kj for all j and p 7 (t, s; x, w, X, W) satisfy (16. 7p with 
M + \k\ - \j\ as M. Using C = (a;, X) = (x - y/pw, X - JpW) + y/p{w, W), 
we also have 

CP(t,s)f = J2Q,(t,s)Cf, 

where q^lt, s; x,w, X,W) satisfy ( \6.7\\ with M + |«| — I7I as M. Hence from 
(QUI) and (17141) we see 

||P(t, Sj/Hfl. = ||P(t, S )/|| + £ + \\%P{t, s)f\\) 

\n\=a 

< Const. 11/11 Ba+ u. (7.17) 
So we could complete the proof. □ 

8 The consistency of the fundamental opera- 
tor 

Let C(t, s) and H(t) be the fundamental operator defined in §6 and the operator 
defined by (13.101) with = a A > = X, respectively. 
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Theorem 8.1. Under the assumptions of Theorem 3.1 there exist integers 
M > 0,M' > 0, C°° functions r(t,s;x,w,X,W) and r'(t,s;x,w,X,W) in 
< s < t < T, (x, w) G R 6n and {X, W) G R 8N satisfying ([62D for all a, (3, a' 
and ft' , respectively such that 

(ih^ - H(t)) C(t, s)f = Vt^R{t, s)f (8.1) 



and 

d 



ih-^C(t, s)f + C(t, s)H(s)f = Vt=s&(t, s)f, (8.2) 
where R(t, s) and R'(t, s) are the operators defined by (16. 8ft . 

Proof. In this proof we write x and y as x and y , respectively. Let x de- 
note variables in R 3 . It follows from (13.101) . (16.61) and (16. 8p that the direct 
calculations show 

aN / : 47V 

rrij 



d h Ft - m ) c(t ' s)f = - (n v 2mh{t _ 8) j y 2 «ih\v\(t - s) 

x J J (expih^Sci^s; ~q t ^^,a t ^ x; ^j {n(i, s; ~x, ~y , X, Y) 



ih 
~2 

by means of (16.3p and (16. 4p . where 



ih ~i 
+ -r 2 (t, s; V, X, y)}/(^, F)rf^F (8.3) 



n 1 e 

ri (t,s; V,X,y) = d t S c (t, s;^^, a\ s XY ) + ^2^—\d x u) S e - -^A(x b) ,X) 



2m j 
3=1 J 



+ ^i(^) + ^ + V 2 (X) (8.4) 



and 



3n + 4iV 

r 2 = 



n 1 



t — S ^-^ m, 

3=1 3 



+ lX2^L(v x .A)(x®,X)-\V\A x S c , xeR 3 (8.5) 
c z — ' m,- 

3=1 

(cf. the proof of Proposition 2.3 in [13J). 
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Set p = t — s. From (16.61) we can write 

c p 
+ ^ J {i - 6{x (j) - y u) ),X - 9{X - Yj) - A(x^\ X)} d9 

+ - Y,(xi j) - y?) A 1 ~ e )^r ( xU) - - X-B(X- Y)) d6 



z=l 

^ (9 V 

/ (i-e)-^{-2-o&-?))do 

3 



r m=l 



m=l m — 1=1 



+ pgi(t,s; j, X V ,X, X F ) (8.6) 
and 

C 7=1 i=l ^ 



n 3 



(8.7) 



It holds that 

3 



E (*?-»k w )(4P-ia!£VU) 



fc,m=l 
3 



fc,«=i 



<9x fe 
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The equations (18.61) - (18.81) show 

S c - e ^A(^\X)\ 2 + l -^\d x S, 



|2 



3=1 



h m i \ xU) - y U) \ 2 + X owwt + ^ q3 ^ s; 



\x-y\\ _ . t- V v x-y 



X, 



(8.9) 

From (16.61) we also have 

d t S c {t,s-~q t t^^ t k S x,Y) = -Jplit, m i \ xU) -y ij) \ 2 ~ ~ ^\V\f? 

- V 2 (X) + y/pq 4 (t, s; 1?, ^J-, X, ^-)- (8.10) 

vp Vp 

Hence together with (18. 4p we obtain 

— > — > ^ — V X — y 

n(t,s; x, ?/,X,y) = y/pq 5 (t,s; x , -^,X, — ). (8.11) 

Vp Vp 

From (16. 6p or (18. 6p - (18. 7p the same arguments as for r\ show 

± — A,. , S c + |F|A^ C = + ! £ fix _ ,) 

j^ m i P c pt m j Jo 

x (V a • A) (x u) - 6(x U) - y U) ),X - 9{X - Y)) d9 

r- , ~£ - v X -Y. 3n + 4X 
+ Vpqa{t, s; x , — , X, — ) = 

Vp Vp p 

+ - E — ( V * • i ) ( x0) ' X ) + s ! ^— -). (8.12) 

c J=1 m i ^ ' VP VP 

Hence together with ( 18. 5ft we get 

— > ^ ~% —~y x — Y 

r 2 {t, s; x , y,X,Y) = -y/pqr(t, s; x , X, — ). (8.13) 

Thus we could complete the proof of (jSHJ) from lETBj) . (18TTT1) and (18TT3D . 
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We consider (18.21) . By direct calculations we see that the lhs of (18.21) is 
equal to 



rrij 



■IN 



n y 2irih(t -s) J y 2mh\V\(t - s) 
J J (expih^Sci^s;^^,^^^ ^r' 1 (t,s;'x, 1 y,X,Y) 

+ -r' 2 (t, s; 1?, V, X, F)c^F, (8.14) 



where 



r[(t, s; 1?, V, X, F) = d s S c (t, s; g^, a\ s xy ) - ^ — ^ S c + ^i(y^, F) 



2m; 

3=1 ^ 



^(V)-^|9y5 c | 2 -F 2 (F) (8.15) 



and 



3n + 4iV 



n 1 

+ ^ — A y(3) S c 

< ' m ■ * 



t — s ^-^ rriA 
j=i j 



+ - E —(V, ■ F) + \V\A Y S C . (8.16) 

c z — ' rrij 
j=i j 

Consequently we can prove (18.21) as in the proof of (18.11) . □ 



9 The proofs of the main results 

We first prove Theorem 3.1. Let p* > be the constant determined in Propo- 
sition 7.2 and x £ C°°(R 3n+4:N ) with compact support such that x(0) = 1. 
We consider bounded operators Kj and Kj (j = 1, 2, ... , v) on B a (R 3n+4:N ). 
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Then, it holds for / G B a (R 3n+AN ) that 

K vX (e-)K v _ lX (e-) ■ ■ ■ X (e-)K lX (e-)f - K' V K' V _ X ■ ■ ■ K'J 

V 

= KuX(*) ■ ■ ■ x(e-)K j+lX (e.) (Kj - K' 3 ) K'^ ■■■K'J 
+ £ K »x{f) ■ ■ ■ X(e-)K J+1 ( X (e-) -l)K' f -- K'J. (9.1) 

3=0 

Noting (16.11) and (16. 2p . from (13.51) we have 

V 

Sc(T, 0; q a, oaa) — S c {t^ tj_i; q ^Vo'^a— i) ' a Ax( i ^x('- 1 )) ' 
i=i 

where X« = af, {I = 1, 2, . . . , v - 1) and A» = a A >. So, ([S3]) is written as 

lim C(T, r i ,_ 1 )x(e-)C(r i ,_ 1 , r„_ 2 )x(e) ■ ■ -C(t 2i r 1 )x(e-)C(r 1 , 0) X (e-)f 
for / G B a (R 3n+m ). Let / G B^ 3 ™"^) and |A| < p* . We can easily see 

sup ||x(e-)/lli? a < Const. ||/|| B a 

0<e<l 

and 

Hm||( X (e-)-l)/|k = 0. 

Consequently, using Theorem 7.3 and (19.11) . we can see that there exists (13. 8p 
in B a , which is written as 

C(T, t v ^)C{t^ x , r„_ 2 ) • • • C(r 2 , Ti )C{t u 0)/ (= C A (T, 0)f) . (9.2) 

We also see from Remark 3.4 that there exists (13.81) in S. 

Let < s < t < T. For a subdivision A of [0, T] we can find j and I such 
that j < l,Tj^i < s < Tj and ti-% < t < tj, where we take j '• = 1 for s = 0. 
Then we define 

Ca(*, s)/ = limC(t, Ti-x) X (e-)C{Ti-i, r;_ 2 )x(e-) 

• ■ ■ x(e-)C(r i+ i, Ti) X {*)C{Ti, s) X (e-)f (9.3) 
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for / G B a as was stated in Remark 3.2. Then we have 



Ca(*, s)/ = C(t, ti-i)C(ti-i, n-2) ■ ■ ■ C(r j+1 , r^Cfa, s 



)f 



as in the proof of ( 19. 2ft . Consequently, from (17.5ft we have 



Ca(*,s)/|| b « < e 



'•^II/Hb- (a = 0,1, 2,... 



(9.4) 



for |A| < p* under the assumptions of Theorem 3.1. 

Proposition 9.1. Let |A| < p*. Then, under the assumptions of Theorem 
3. 1 we can find an integer M > 2 such that 

\\C A (t, s)f - C A (t', s')f\\ Ba < Ca (\t-t'\ + \s- (9.5) 

for < s < t < T, < s' < t' < T and a = 0, 1, 2, . . . . 

Proof. Let R(t,s) and R'(t,s) be the operators defined by (18. ip and (18.21) . 
respectively. We determine M in Proposition 9.1 by max (M, M',2) for M 
and M' in Theorem 8.1. We can easily see 



from (18.11) for s < t! < t < T. Let Tj < t < Tj+i and < t! < Tk+i- So j > k 
holds. Using the equation just after (I9.3P and (19.61) . we get 



ih(C(t,s)f -C(f,s 



)/)= / (H(9)C(6,s)f + Ve^~sR(6,s)f)d6 (9.6) 



ih(C A {t, s)f - C A {t' , s 



)/) 





j-k-i 



(9.7) 



See the proof of Theorem 4.2 in [TB] for further details. 



As in the proof of (17.141) we see 



H{t)f\\ B * < Const. 11/11 B a + M 



(9.8) 
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from f)3.10p because of M > 2. We also see 

\\R(t, s)f\\ B a < Const.\\ f\\ Ba+ M (9.9) 
from Proposition 7.4 for < t — s < p*. Consequently, (19. 4p and (19.71) show 

h\\C A (t,s)f-C A (t',s)f\\ B a 

< Const.e^+ MT (l + y/f)\t - t'\\\f\\ B a+M 

for 0<s<t'<t<T. The inequality above holds for < s < t', t < T. In 
the same way we get 

h\\C A (t,s)f-C A (t,s')f\\ B a 

< Const.e^+ MT (l + y/p)\s - s'\ \\f\\ B a +M 

for < s, s' < t < T. Hence, we can complete the proof of Proposition 9.1. □ 

Let M > 2 be the integer determined in Proposition 9.1. Let {Aj}'jL l 
be a family of subdivisions of [0,T] such that \Aj\ < p* and lim^oo |Aj| = 
0. Take an arbitrary / e B a+2M (a = 0, 1, 2, ... ). Then we see from (19 .4p 
and (I9.5P that {C Aj ; (t, s)/}^ is uniformly bounded as a family of B a+2M - 
valued continuous functions and equicontinuous as a family of B a+M -valued 
functions in < s < t < T, respectively. It follows from the Rellich criterion 
(cf. Theorem XIII. 65 in [21 J ) that the embedding map from B M into L 2 
is compact. So is the embedding map from B a+2M into B a+M from fl7TT2l . 
(17. 13j) and Lemma 2.5 in [T2] with a = b = 1. Consequently, from Ascoli- 
Arzela theorem we can find a subsequence {A.^}^, which may depend on 
/, such that C A . k (t,s)f converges in B a+M uniformly in < s < i < T as 
k —> oo. Since C Aj (s,s)f = f follows from Lemma 6.1, so ( 19. 7\) - ( 19. 9p show 
that limfc^oo C A]k (t, s)f = U(t,s)f, where U(t,s)f is £> a+M -valued continuous 
and -B a -valued continuously differentiable function inO<s<t<T satisfying 
(13.91) with u(s) = f. Noting M > 2, we can easily see from the energy 
inequality that the solutions to (13. 9p are unique in the class of £> a+M -valued 
continuous and I? a -valued continuously differentiable functions. Hence, we can 
see that C A (t,s)f converges to U(t, s)f in B a+M uniformly in < s < t < T 
as |A| -> 0. 
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Take an arbitrary / G B a . Let A and A' be subdivisions such that |A| < p* 
and |A'| < p*. For any e > we can take a g G B a+2M such that ||<? — /||b° < e - 
Then from (j9.4p we have 

\\C A {t,s)f -C A '(t,s)f\\ B a < \\C A (t,s)g -C A '(t,s)g\\ B a 

+ \\C A (t, s)(f - g)\\ Ba + \\C A ,(t, s)(f - g)\\ B a 
< \\C A (t, s)g - C A ,{t, s)g\\ B a+M + 2e KaT e. 

So, 

H^[A[,[A'[-*o 0< max T \\C A (t, s)f - C A ,{t, s)f\\ B a < 2e KaT e. (9.10) 

Hence, we can see that C A (t, s)f converges in B a uniformly inO<s<t<T 
as |A| — > 0. We write this limit as W(t, s)f. 

Let f E B a . Take ft G B a+M such that linx,-^ ft = f in B a . From (l9~7]) 
we have t 

ih(W(t,s)ft-f j )= [ H(0)W(e,s)ftd6. 

J s 

The inequality s)/|| B . < e K *<t- a '>\\f\\ B « holds from (iO) . So, from 

Lemma 2.5 in [12] with a = 6 = 1 we can see 

ih(W(t,s)f-f)= f H{0)W{0,s)fd9 

J s 

in B a ~ 2 and that s)/ is 5 a -valued continuous and -B a_2 -valued continu- 
ously different iable in < s < t < T. Hence hm\ A \^ C A (t, s)/(= W(t,s)f) 
satisfies (13. 9ft with u(s) = f. Thus, we could complete the proof of Theorem 
3.1. 

We shall consider the proof of Theorem 3.2. Let ~q t ^ y (0) and fl*J(* xy ^) be 
the paths defined by (16. ip and (16.21) . respectively. For £ k G R 2 (k G A[) we 
define the path by 

4 s (0) := ? fc + 4 ^ ( Ir (g)) ^ R 2 1 s < 6 < t (9.11) 

as in (J3H2D- The path ^ (9) e R 2 (k e A x ) is defined by fl2TT3|) . So from 
fl2~T6|) and (2.17) we have 

_ t(2) _ _t(2) 
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For k £ Ai we can easily see 



\k\ 2 tfe (0) 



\k\ 2 
\k\ 2 



167T 2 
W 



\pk\' 



2 167T 2 , ,9 



(9.12) 



So, the classical action for L defined by (13.111) is written as 



5 fc ) fceAi 
(*-*) 



^(/.-Y^a^ r ) + ^^|A;| 2 U 



(9.13) 



feeA; 



from (I2T2T]) and 

Let xi £ C°°(R 2Nl ) with compact support such that Xi(0) = 1- Let e > 

and f := { Tfc) e i? 2iVl . For / £ S(R 3n+4N ) we define G e (t, s)f (0 < s < 
I J fceAi 

t < T) by 



4A 



n y 2vri/i(t - s) 



2mh\V\(t-s) \ AA , 4m 2 /i|^| 



n 



e ffl " lfi, xi(ee)/(y,y)^ II 



where S = S (t, s; g^' , a^y, {< 



s < t, 



s = t, 

(9.14) 



£ fe J fceAi 



Proposition 9.2. Let / £ B a (R 3n+m ) (a = 0, 1, 2, . . . ). TTien, wider tae 
assumptions of Theorem 3.1 we have 



hmG € (t,s)f = C(t,s)f 

e— >0 



(9.15) 



in B a for < t — s < p* 
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Proof. In the case of t = s (19.151) is clear from (17. 6p . Let < t — s < p* and 
S(R 3n+4N ). From (l9~T3D we have 

AN 

ffl; \ / 1 



G e (t,s)f \JJ ^ 2mh(t- s) J y 2nih\V\(t-s) 
x J J {e^ih' 1 S c {t,s-,~q t ^,a\ s XY )) f{y,Y)dydY 

Let V fe := (r}k\Vk' > ) G and *7 := { Vfc}fceA' ■ We know 



e ia92 d9 — (9-16) 



-oo 

for a constant a > 0. So we write 




G € (t,s)f = P e (t,s)f, (9.17) 

where 



?«(*,»)= n 



fc 



|2 



x X ( ev ^W(^)^) II ( 9 - 18 ) 

We see that 

lim p e (t, s) = 1 (9.19) 
pointwise. Letting s) = p e (t, s) — 1, we have 

P e (t,s)f-C(t,s)f = Q e (t,s)f. 

We consider 

||G e (f, s)f - C(t, s)f\\ 2 = \\P e (t, s)f - C(t, s)f\\ 2 



(P £ (t, s) - C(t, s)Y(P e (t, s) - C(t, s))f, f) 
(Q e (t, S yQ e (t,s)f,f). 
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Hence, we obtain (19.151) as in the proof of Theorem 7.3 in the present paper 
together with Lemma 2.2 in [12J. See the proof of Lemma 4.1 in [15] for further 
details. □ 

We can write (13.131) as 

Jim G e (T, r„_i)x(e-)G' e (r i/ _i, r„_ 2 )x(e) • • • G e (r 2 , ri)x(e)G e (ri, O)x(e-)/ 

(9.20) 

in the same way that (I3.8P is written in the above of (19. 2p . Integrating by 
parts in (19.181) . we see that sup 0<e<1 \p t (t, s)\ is finite. So the same proof as for 
(17.51) shows 

sup \\G e (t,s)f\\ Ba <C a \\f\\ B a, a = 0,1,2,... 

0<e<l 

with constants C a from (19 .171) . Hence, using (19.11) . we can prove Theorem 3.2 
as in the proof of the convergence of ( 13. 81) to ( 19. 21) together with ( 19.151) . 
Finally, we will prove Theorem 3.3. As in the proof of ( 16. 15ft we get 



1z,y 




^A cx (t,X {j) ) ■ dx U) - 0ex(t,X (j) )c/t 

-(x® - y U) ) ■ [ A ex (s, x {j) - 6(x® - y ij) )) dO 
c Jo 

(t-s){x®-y®)- f [ ^^(r^),^')^))^!^ 



C m=l 1=1 J JO 

(9.21) 

where (B' 23 (t, x), B' u (t, x), B' l2 (t, x)) = B cx (t, x), B' lm = -B' ml , and r(a) and 
C^{v) were defined by (16. lip . See the proof of Proposition 3.3 in [T3] for fur- 
ther details. So, we get the equation ( I6.18P where the sum over j = 1, 2, . . . , n 
of (I9.2ip multiplied by rrijej/ (t — s) is added to. Hence, under the assumptions 
of Theorem 3.3 we obtain the same assertion as in Theorem 3.1 in the same 
way that Theorem 3.1 is proved. As in the same way of the proof of Theorem 
3.2 we also get the same assertion as in Theorem 3.2 under the assumptions 
of Theorem 3.3. Thus, we could complete the proof of the main results. 
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